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ON A MECHANICAL ANALOGY IN THE IDEAL PLASTICITY THEORY

UDC 539.374V. V. Alekhin, B. D. Annin, and V. V. Ostapenko

The Cauchy problem of propagation of plastic state zones in a boundless medium from the boundary
of a convex surface, along which normal pressure and shear forces act, is considered. In the case
of complete plasticity, the Tresca system of quasi-static equations of ideal plasticity, which describes
the stress-strain state of the medium, is known to be hyperbolic and to be similar to a system that
describes a steady-state flow of an ideal incompressible fluid. This system is numerically solved
with the use of a difference scheme applied for hyperbolic systems of conservation laws. Results of
numerical calculations are presented.

Key words: Tresca ideal plasticity, complete plasticity, support function of a contour, equidistant
surface, hyperbolic system of conservation laws.

In the case of complete plasticity, the quasi-static equations of the Tresca ideal plasticity for determining
stresses have the form [1]

∂t1
∂x1

+
∂t2
∂x2

+
∂t3
∂x3

= 0; (1)

t1 = (σ11, σ12, σ13)t, t2 = (σ21, σ22, σ23)t, t3 = (σ31, σ32, σ33)t; (2)

σij = σδij + 2kε(ninj − δij/3), σ = σijδij/3, ε = ±1,

n2
1 + n2

2 + n2
3 = 1,

(3)

where σij are the components of the symmetric stress tensor in the Cartesian coordinate system (x1, x2, x3) with
the basis e1, e2, e3, σ is the mean stress; δij is the Kronecker delta, summation is performed over repeated indices
from 1 to 3, k is the yield stress at pure shear, and n = niei is the unit eigenvector corresponding to the principal
stress

σ1 = σ + 4kε/3, (4)

and two other principal stresses coincide with each other:

σ2 = σ3 = σ − 2kε/3. (5)

The stress tensor defined by equalities (2) with allowance for (3) satisfies the Tresca plasticity condition

max (|σ1 − σ2|, |σ2 − σ3|, |σ3 − σ1|) = 2k.

The functions σ, n1, n2, and n3 depending on x1, x2, and x3 are determined from the first-order system of
equations obtained by substituting Eqs. (2) and (3) into (1). This system is hyperbolic and has the form

n1
∂n1

∂x1
+ n2

∂n1

∂x2
+ n3

∂n1

∂x3
+ n1θ = − ∂p

∂x1
,
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Fig. 1. Orthogonal curvilinear coordinate system (α, θ, γ): (a) coordinate surface S (α = 0) and
basis vectors kα, kθ, and kγ ; (b) generatrix L of the coordinate surface S.

n1
∂n2

∂x1
+ n2

∂n2

∂x2
+ n3

∂n2

∂x3
+ n2θ = − ∂p

∂x2
,

n1
∂n3

∂x1
+ n2

∂n3

∂x2
+ n3

∂n3

∂x3
+ n3θ = − ∂p

∂x3
, (6)

n2
1 + n2

2 + n2
3 = 1, θ =

∂n1

∂x1
+

∂n2

∂x2
+

∂n3

∂x3
, p =

σ

2kε
− 1

3
.

The characteristic relations for system (6) were derived in [2].
System (6), which is similar to a system that describes a steady-state flow of an ideal incompressible fluid

[3, p. 73], can be written as [4, p. 105]

2(ω × n) + θn = −∇p, n2
1 + n2

2 + n2
3 = 1, ω = (1/2)∇× n. (7)

By analogy to [4], we can consider the following cases.
Case 1. The unit eigenvector is presented as

n = μ∇f, (8)

where f = f(x1, x2, x3) is a certain function and μ = |∇f |−1.
Case 2. The unit eigenvector is presented in the form

n = λω, (9)

where λ = |ω|−1. In this case, Eq. (7) becomes substantially simplified:

θn = −∇p.

Case 3. The following equality is valid:

ω · n = 0. (10)

To determine the functions p = p(x1, x2, x3) and ni = ni(x1, x2, x3), we need compatibility of systems (6)
and (8) in case 1, (6) and (9) in case 2, and (6) and (10) in case 3. These variants were considered in [5, 6].

To solve the problem of propagation of plastic state zones from the boundary of a convex surface subjected
to normal pressure and shear forces, we use numerical algorithms applied in hydromechanics [7–9].

Let S be a rather smooth closed convex surface, with the origin of the coordinate system (x, y, z) lying
inside S (Fig. 1a). The surface S is formed by rotation of a convex curve L (Fig. 1b) located in the plane (r, z),
where r = (x2 + y2)1/2; the curve L crosses the z axis at right angles, and the curvature radius ρ of the curve L at
an arbitrary point of the curve is equal to or greater than ρ∗ > 0.
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We write the equations of the curve L in parametric form:

r(γ) =
dF (γ)

dγ
cos γ + F (γ) sinγ, z(γ) =

dF (γ)
dγ

sin γ − F (γ) cos γ. (11)

Here γ is the angle between the tangent line and the r axis and F (γ) is the support function of the contour L.
Obviously, r(γ) � 0 for 0 � γ � π. The curvature radius of the curve L is calculated by the formula

ρ = ρ(γ) =
1

cos γ

dr(γ)
dγ

= F (γ) +
d2F (γ)

dγ2
� ρ∗ > 0. (12)

The equations for the surface S are written as

xS(θ, γ) =
(dF (γ)

dγ
cos γ + F (γ) sinγ

)
cos θ,

yS(θ, γ) =
(dF (γ)

dγ
cos γ + F (γ) sin γ

)
sin θ, (13)

zS(θ, γ) =
dF (γ)

dγ
sin γ − F (γ) cos γ.

We introduce an orthogonal curvilinear coordinate system (α, θ, γ):

x(α, θ, γ) =
(dF (γ)

dγ
cos γ +

(
F (γ) + α

)
sin γ

)
cos θ,

y(α, θ, γ) =
(dF (γ)

dγ
cos γ +

(
F (γ) + α

)
sinγ

)
sin θ,

z(α, θ, γ) =
dF (γ)

dγ
sin γ −

(
F (γ) + α

)
cos γ,

(14)

α � 0, 0 � γ � π, 0 � θ � 2π.

The Jacobian of coordinate transformation J(α, θ, γ) is non-negative:

J(α, θ, γ) =
D(x, y, z)
D(α, θ, γ)

=
(
ρ(γ) + α

)(
r(γ) + α sinγ

)
� 0.

It follows from Eq. (14) that the surface α = const is an equidistant surface with respect to the surface S. The
expressions for the unit vectors of the coordinate lines (see Fig. 1a) have the form

kα = (sin γ cos θ, sin γ sin θ,− cos γ)t,

kθ = (− sin θ, cos θ, 0)t, kγ = (cos γ cos θ, cos γ sin θ, sin γ)t.
(15)

We write the equilibrium equations in the orthogonal coordinate system (α, θ, γ). The stresses σαα, σαθ,
σαγ , σθθ, σθγ , and σγγ satisfy the equations

∂tα

∂α
+

∂tθ

∂θ
+

∂tγ

∂γ
= 0, (16)

where
tα = HθHγ(σααkα + σαθkθ + σαγkγ),

tθ = HαHγ(σαθkα + σθθkθ + σθγkγ), tγ = HαHθ(σαγkα + σθγkθ + σγγkγ);
(17)

Hα = 1, Hθ = r(γ) + α sin γ, Hγ = ρ(γ) + α. (18)

Eliminating basis vectors (15) from system (16) with allowance for Eq. (17), we write system (16) in the
form of a system of conservation laws

∂ū

∂α
+

∂v̄

∂θ
+

∂w̄

∂γ
= f , (19)

where
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ū = HθHγu, v̄ = Hγv, w̄ = Hθw; (20)

u = (σαα, σαθ, σαγ)t, v = (σαθ, σθθ, σθγ)t, w = (σαγ , σθγ , σγγ)t; (21)

f =

⎛
⎜⎝

Hγσθθ sin γ + Hθσγγ

−Hγ(σθγ cos γ + σαθ sin γ)

(∂Hθ/∂γ)σθθ − Hθσαγ

⎞
⎟⎠ ;

σαα = p + n2
α, σαθ = nαnθ, σαγ = nαnγ ; (22)

σθθ = p + n2
θ, σγγ = p + n2

γ , σθγ = nθnγ . (23)

In expressions (22) and (23), the stresses σαα, σαθ, σαγ , σθθ, σγγ , and σθγ are the components of the stress σij (3)
in the orthogonal curvilinear coordinate system (α, θ, γ) divided by 2kε; p = σ/(2kε)− 1/3. The quantities nα, nθ,
and nγ are the components of the unit eigenvector n corresponding to the principal stress (4) in the coordinate
system (α, θ, γ):

n = nαkα + nθkθ + nγkγ , n2
α + n2

θ + n2
γ = 1. (24)

The vector equation (19) and relation (24) form a closed system for determining the values of p, nα, nθ, and nγ as
functions of α, θ, and γ.

For system (19), (24), we pose the following Cauchy problem. The initial values of the functions p, nα, nθ,
and nγ are set on the surface S defined by formulas (13), i.e., at α = 0, 0 � θ � 2π, and 0 � γ � π. We have
to find the values of these functions for α > 0. In such a formulation of the Cauchy problem, the quantity α is an
independent evolutionary variable, and system (19), (24) is α-hyperbolic, at least near the surface S [7, 8]. For the
numerical solution of this system, therefore, we can use standard difference schemes applied to hyperbolic systems
of conservation laws [7, 9].

In a rectangular domain

Π = {θ, γ: 0 � θ � 2π, 0 � γ � π}
we introduce a uniform difference grid

θi = ih1, γj = jh2, i = 1, N1, j = 1, N2,

where h1 = 2π/N1 and h2 = π/(N2 − 1) are constant grid steps. For i = 1, N1 and j = 2, N2 − 1, we approximate
system (19) by the following explicit difference scheme, which is a two-layer scheme with respect to time and is
symmetric in space:

ūn+1
ij − ūn

ij

τn
+

v̄n
i+1,j − v̄n

i−1,j

2h1
+

w̄n
i,j+1 − w̄n

i,j−1

2h2
= fn

ij + W n
ij . (25)

Here

W n
ij = C1

v̄n
i+1,j − 2v̄n

ij + v̄n
i−1,j

h1
+ C2

w̄n
i,j+1 − 2w̄n

ij + w̄n
i,j−1

h2

is the artificial viscosity with the coefficients C1 and C2 chosen on the basis of test calculations.
Abbreviated notation is introduced for all grid functions in Eq. (25) and below:

ḡn
ij = ḡ(αn, θi, γj), gn

ij = g(αn, θi, γj), αn =
n−1∑
k=0

τk, α0 = 0

(τk is the variable step in terms of the evolutionary variable α). As the sought solution is periodic with respect to
the variable θ, Eq. (25) implies that θ0 = θN1 and θN1+1 = θ1.

Equations (19) degenerate with respect to the variable θ at the boundary nodes j = 1 and j = N2, i.e., in
the poles γ = 0 and γ = π. It is known that the principal curvature radii r1(γ) = ρ(γ) (12) and r2(γ) = r(γ)/ sin γ,
where r(γ) is determined by Eq. (11), at each pole on a smooth surface of revolution S (13) coincide with each
other, i.e., they are equal to ρ(0) and ρ(π), respectively. An analysis of Eqs. (19) shows that system (19) can be
written in the following form for γ → 0 and γ → π:

∂

∂α
(H2

γu) = f . (26)
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In Eq. (26), we have

f = Hγ(σθθ + σγγ ,−σαθ,−σαγ)t, Hγ = ρ(γ) + α, γ = 0, π.

For approximate calculations of the grid functions

gn
i1 = g̃n

1 , gn
iN2

= g̃n
N2

, i = 1, N1

at the boundary nodes j = 1 and j = N2, we can use the following difference scheme in approximating system (26):

(H2
γ ũ)n+1

m − (H2
γ ũ)n

m

τn
= f̃n

m, m = 1, N2. (27)

After finding the quantities σαα, σαθ, and σαγ at the (n + 1)th layer from the difference equations (25) and
(27) with allowance for Eqs. (18), (20), and (21), the basic grid functions p, nα, nθ, and nγ at each node (i, j)
of this layer are determined from the system of algebraic equations (22) and (24). Solving this system under the
assumption that d ≡ σ2

αθ + σ2
αγ < 1/4 in the course of calculations, we obtain

nα =
√

(1 +
√

1 − 4d )/2, p = σαα − n2
α, nθ = σαθ/nα, nγ = σαγ/nα.

The quantities σθθ, σγγ , and σθγ involved in system (19)–(21) are calculated by Eqs. (23).
The step τn in terms of the evolutionary variable α is determined from the Courant stability condition [9]

by the formula

τn =
κ(αn + minj ρ(γj))min (h1, h2)

maxi,j (λn
ij , (λ−1)n

ij)
,

where λ and λ−1 are the velocities of propagation of small perturbations near the surface S(αn), λ =√
(1 + 2q)/(1 − 2q), q = nα

√
n2

θ + n2
γ , and κ � 1 is the factor of safety in the condition of stability.

The difference scheme (25), (27) was tested on a problem that has an analytical solution. We considered a
thick-walled sphere with an inner radius a = 1.5 and outer radius b = 1.5e subjected to internal pressure p̃. The
solution of this problem is known:

σrr = −p̃ + 4k ln (r/a), σθθ = σrr + 2k, σγγ = σrr + 2k. (28)

Here p̃ = 4k ln (b/a) is the ultimate pressure, σrr corresponds to the first principal stress (4), and σθθ and σγγ

correspond to two other principal stresses (5) with ε = −1.
In the variables p, nα, nθ, and nγ , the analytical solution (28) has the form

σαα(α) = p(α) + n2
α(α), σθθ(α) = σγγ(α) = p(α), (29)

where

p(α) = p(0) − 2 ln (1 + α/a), p(0) = p̃/(2k) − 1,

nα(α) = 1, nθ(α) = nγ(α) = 0.

The following initial values of the functions p, nα, nθ, and nγ were set in the numerical solution on the inner
surface of the sphere at α = 0:

p(0) = 1, nα(0) = 1, nθ(0) = nγ(0) = 0.

As a result, a solution independent of θ and γ was obtained.
Figure 2 shows the dependences σαα(α) for the exact solution (29) (solid curve) and numerical solution

(points). These dependences are in good agreement, which testifies that the scheme proposed is fairly effective.
As an example, we solved the problem of propagation of plastic state zones from the boundary of an

ellipsoidal cavity formed by rotating around the z axis of a convex curve L with a support function F (γ) =√
a2 sin2 γ + b2 cos2 γ, where a and b are the ellipse semi-axes.

The following values of parameters were used in the numerical solution: a = 2, b = 1, N1 = 200, and
N2 = 101 (N1 and N2 are the numbers of nodes in terms of the variables θ and γ, respectively). At α = 0, the
initial values p(0) = 1, nα(0) = 1, and nθ(0) = nγ(0) = 0 were set on the cavity surface. By virtue of the axial
symmetry of the problem, the resultant numerical solution is independent of the angle θ.
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Fig. 2. Distribution of stress σαα in a thick-walled sphere: the solid curve and
the points refer to the analytical and numerical solutions, respectively.
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Fig. 3. Stress σαα versus the coordinate α for γ = 0 (1) and π/2 (2).

Fig. 4. Stresses σαα, σθθ, and σγγ versus the coordinate α (γ = π/4).

Figure 3 shows the stress σαα as a function of the coordinate α for γ = 0 and π/2. For γ = 0 and π/2, the
component nα of the unit eigenvector n (24) equals 1 for all values of α; therefore, according to Eqs. (22) and (23),
we have σθθ = σγγ = σαα − 1.

Figure 4 shows the stresses σαα = p + n2
α, σθθ = p, and σγγ = p + n2

γ as functions of α for γ = π/4.
Note that a non-axisymmetric solution is obtained for initial conditions depending on θ.
If the stress tensor is known, the velocity vector can be determined from the conditions of incompressibility

and isotropy [1] by a similar scheme.
This work was supported by the Russian Foundation for Basic Research (Grant No. 05-01-00728) and by

the Program of the President of the Russian Federation on the State Support of Leading Scientific Schools (Grant
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